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The focusing propert ies of a l amina r  gas s t ream in a c i rcu la r  cy l i n -  
dr ica l  tube with a l inea r ly  varying wal l  t empera ture  are studied and 

op t ica l  ca lcu la t ions  are car r ied  out in approx imat ion  of geomet r i c  
optics.  

P a r t i c u l a r  a t ten t ion  has  r e c e n t l y  been  devoted  to 
p r o b l e m s  of deve lop ing  l o n g - r a n g e  c o m m u n i c a t i o n s  
s y s t e m s  involving the use  of l a s e r s  [1-6] .  However ,  
the  d i s t r i b u t i o n  of the r e f r a c t i v e  index in the s tudy of 
gas  l e n s e s  and l igh tgu ides  is  g e n e r a l l y  not c o o r d i n -  
a ted  with that  a c t u a l l y  a t t a inab le .  In th i s  p a p e r  we 
s tudy a p o s s i b l e  v a r i a n t  of a gas  l ens  in tended for  the 
t r a n s m i s s i o n  of a l ight  b e a m  with s m a l l  l o s s e s  and 
s i m u l t a n e o u s  focus ing .  We wil l  s tudy those  gas  l e n s e s  
whose focus ing  ac t ion  i s  b a s e d  on the r e l a t i o n s h i p  
be tween  the  r e f r a c t i v e  index n of the gas  and i ts  t e m -  
p e r a t u r e .  At  cons tan t  p r e s s u r e  we have  

n -  1 = n* = n; To (1)  
T 

H e r e  n o = n~ + 1 is  the r e f r a c t i v e  index of the gas  at  
the t e m p e r a t u r e  To. The p r o p a g a t i o n  of the  l ight  
b e a m  in a m e d i u m  with a v a r i a b l e  r e f r a c t i v e  index  
wi l l  be e x a m i n e d  within the  f r a m e w o r k  of g e o m e t r i c  
op t ics .  The  t r a j e c t o r y  of the b e a m  is  def ined  [9] by  

--  N grad n. (2) 
p n 

The b e a m  is ben t  in the d i r e c t i o n  of i n c r e a s i n g  r e -  
f r ac t i on .  Thus  the  de s ign  of gas  l e n s e s  is  a s s o c i a t e d  
with the  d e v e l o p m e n t  of a p p r o p r i a t e  t e m p e r a t u r e  
f i e ld s  wi th in  the c l o s e d  channels .  

Le t  us  examine  the f low of a gas  in a s t r a i g h t  c i r -  
c u l a r  tube of r a d i u s  R and of length  L. H e r e  i t  i s  
a s s u m e d  that:  1) the f low is  l a m i n a r ;  2) the ve loc i t y  
p r o f i l e  i s  a f t e r  P o i s e u i l l e ;  3) e n e r g y  d i s s i p a t i o n  i s  
neg lec t ed ;  4) the  t h e r m o d y n a m i c  c h a r a c t e r i s t i c s  of 
the gas  a r e  independent  of t e m p e r a t u r e .  

Having  in t roduced  the d i m e n s i o n l e s s  c o o r d i n a t e s  
x and y, the  v e l o c i t y  v and the t e m p e r a t u r e  0, we 
w r i t e  the e n e r g y  equa t ion  [7] 

O0 a~o ] ,  

whe re  

= a/v Re. (4) 

It i s  e a s y  to p r o v e  tha t  the fol lowing w i l l  be one of 
the so lu t ions  [8]: 

C O f b x - - c ( 1 - - y * ) + ~  (l --g*), (5) 

w h e r e  b and c a r e  cons t an t s  e x p r e s s e d  in t e r m s  of fl: 

b = 4~ c. (6) 

1967 

The coef f ic ien t  c i s  def ined by  the r a d i a l  t e m p e r a t u r e  
d i f f e r ence  AT in any c r o s s  sec t ion  of the tube 

4 AT 
c = (7) 

3 T O 

As is s een  f r o m  (6) and (7), fo r  a l i n e a r l y  v a r y i n g  
wal l  t e m p e r a t u r e  the r a d i a l  t e m p e r a t u r e  p ro f i l e  is  

// "\ 
e 

/ 
0 R 

Fig .  1, Rad i a l  t e m p e r a t u r e  d i s t r i b u t i o n  in tube.  

def ined  by  the longi tud ina l  t e m p e r a t u r e  g r a d i e n t  of 
the  wal l .  The gas  t e m p e r a t u r e  i n c r e a s e s  mono ton ic -  
a l ly  f r o m  the axis  to the  wal l .  F i g u r e  1 shows the 
f o r m  of the t e m p e r a t u r e  p ro f i l e  a t  any of the l a t e r a l  
c r o s s  s ec t ions  of the tube (a l l  p r o f i l e s  a r e  s i m i l a r ) .  

Let  us  r e t u r n  to the  op t i ca l  po r t i on  of the  p r o b l e m .  
We wi l l  r e v e r s e  the  d i r e c t i o n  of the  x - a x i s ,  s ince  
the  b e a m  m u s t  be d i r e c t e d  in a d i r e c t i o n  oppos i te  to 
tha t  of the longi tud ina l  t e m p e r a t u r e  g rad ien t .  F o r -  
m u l a  (5) is  r e w r i t t e n  to the  f o r m  

C 0 =- -bx- -c (1 - -y~)  +--~ ( l - -g4 ) .  (8) 

In view of ax ia l  s y m m e t r y  we can l i m i t  o u r s e l v e s  to 
examina t i on  of the p lane  p r o b l e m .  Equat ion  (2), with 
c o n s i d e r a t i o n  of (1) and (8), a s s u m e s  the f o r m  

n;c 
y".-t- ( l + { ) ) ( l + 0 - t - n ~ )  x 

x ( 1 + g'~) (4p y'  + 2y - -  ya) = 0. (9)  

The so lu t ion  of (9) fo r  the  bounda ry  condi t ions  

v(x= 0)= v0, v'(x =0) =v '  0 (10) 

y i e l d s  the t r a j e c t o r y  y = y(x). 
Let  us  eva lua t e  the  o r d e r  of magni tude  for  the co-  

e f f i c i en t s  in (9). F o r  g a s e s  n* ~ 10-3 -10  -4. When 
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T O ~ 300-320 ~ K and AT ~ 5 -25  ~ K the coefficient  
e fa i ls  within the range  0 .02-0 .1 ,  13 ~ 1/Re,  s ince 
a and ~ are  of the same  order ,  - 1  < 0 < 0. 

Below we will l imi t  ou r se lves  throughout to parax-  
ial beams  for which 

Igo l~  i, I y; I << i. (11) 

With y,Z and n~ negligibly small in comparison with 
unity, instead of (10) we derive the equation 

(l  + O)~y"-q-c*(4~y '  + 2 y - - g 3 ) = O ,  (12) 

where c* = n~c. 
Let us examine some approximations simplifying 

the solution of (12) and making it possible to obtain an 
analytic solution. 

I. Let Us a s s u m e  101 << 1 and neglect  the t e r m  e*y 3 
in (12). This  ind ica tes  that we a re  speaking of sma l l  
r e l a t ive  t e m p e r a t u r e  va r i a t ions .  Then  

g" + 413c*g' + 2c*g = 0. (13) 

For  the condi t ion 

k s ~ 2c* (1 - -  2~Pc*) > O (14) 

which, obviously,  will  be sa t is f ied,  the t r a j ec to ry  
desc r ibed  by (12) has the fo rm 

g = A exp(-- 213 c * x ) s i n k ( x  § B). (15) 

Here  

% g0 
B = a r c t g  28c*g0+g'o " 

, ( 1 6 )  

(17) 

T h e  b e a m  t r a j e c t o r y  as is seen  f rom (15) (in the 
adopted approximat ion)  osc i l l a t es  about the lens  axis.  
The osc i l l a t ions  a re  d a m p e d ,  but ins ign i f ican t ly ,  
s ince  the exponent  is  smal l .  F r o m  (15) we can find 
the r e l a t i onsh ip  be tween y0 and y~ at which the b e a m  
fai ls  to r each  the lens  wall.  Ana lys i s  shows that con-  
s ide rab ly  more  r i go rous  l imi t a t ions  a re  imposed on 
the d ive rgence  of the en t ry  b e a m  than on i ts  in i t ia l  
devia t ion f rom the lens  axis .  

The oscillation period is given by 

x= 2~_~, (18) 
k 

and it d imin i shes  as the radia l  t e m p e r a t u r e  gradient  
i nc r ea se s .  

II. If in (12) we again assume 101 ~ 1 and neglect  
the t e r m  propor t ional  to y ' ,  s ince it r e su l t s  in no s ig-  
ni f icant  changes in t r a jec to ry ,  we obtain the equation 

g" + c* (2y - -  y:') = 0. (19) 

The solut ion of this equation is expressed  in t e rms  of 
the e l l ip t ica l  Jacobi  funct ions [10]. The beam t r a -  
j ec to ry  is  a per iodic  curve.  The osc i l la t ion  period is 

(20) 

where 

K ( k )  = ,f (1 -- k s sin s q)) -~'2dqD, (21) 
0 

and the modulus  of the e l l ip t i ca l  funct ion 

2 - - A  k 2 , (22) 
2 + A  

( V') A s = 4 - -  ~4y 2 --/14 -~- (23) 
\ - 

The p e r m i s s i b l e  va lues  of k 2 l ie in the in t e rva l  

0 ~ kS ~% 1/3, (24) 

which imposes  l imi t a t ions  on Y0 and y~. 
III. If in (12) we neglec t  the t e r m s  propor t iona l  to 

y '  and y3, but  allow for  the change in t e m p e r a t u r e  
along the axis,  a s s u m i n g  0 ~ - b x ,  we der ive  the 
equat ion 

( 1 - -  bx) s y" q- 2c*y = O. (25) 

tf the condi t ion 

n o 1 
gS 8~ ~c 4 ~ 0 (26) 

is sa t is f ied,  Eq. (25) has a solut ion of the following 
f o r m  [11]: 

y = A V 1 - - 4 [ ~ c x  s i n l n I g ( 1 - - 4 [ ~ c x ) - =  B], (27) 

with A and B in teg ra t ion  cons tants .  
Condit ion (26) is sat isf ied,  for example,  for a i r  

when Re2/c > 104, i . e . ,  even when Re > 102. 
Ana lys i s  of (27) and compar i son  of the l a t t e r  with 

(15) d e m o n s t r a t e s  that the osc i l l a t ion  per iods  in both 
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Fig.  2. D e t e r m i n a t i o n  of gas lens  focal  length. 
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c a s e s  a r e  c l o s e  to each  other ,  but c o n s i d e r a t i o n  of 
the  longi tud ina l  t e m p e r a t u r e  g r a d i e n t  y i e l d s  cons id -  
e r a b l y  m o r e  p ronounced  a t tenua t ion  of the b e a m - t r a -  
j e c t o r y  o s c i l l a t i o n  amp l i t ude  than the so lu t ion  of (15). 

Knowing the t r a j e c t o r y  of the b e a m s  in the  gas  
l ens ,  we can c a l c u l a t e  i t s  focal  length  f .  Le t  a 1 be 
the r e f r a c t i v e  index of the m e d i u m  s u r r o u n d i n g  the 
lens .  The b e a m  e n t e r s  the l ens  p a r a l l e l  to i t s  ax is  at 
a d i s t a n c e  Y0 ( see  Fig .  2). P a s s i n g  th rough  the l ens  
and r e f r a c t e d  at  the  bounda ry  be tween  the l ens  and 
the e x t e r n a l  med ium,  the b e a m  is  p r o p a g a t e d  r e c -  
t i l i n e a r l y .  The  d i f f e r e n c e  be tween  the a b s c i s s a s  of 
the po in ts  of b e a m  i n t e r s e c t i o n  with the  x - a x i s ,  and 
the i n t e r s e c t i o n  of the  ex tens ion  of the  l a t t e r  with the 
in i t i a l  d i r e c t i o n ,  is  t aken  as  the foca l  length  of the  
lens .  

F r o m  Fig .  2 we f ind 

f = }_ go , n[l ,  y(1)lsinr = nlsinqh. 
[tgqh 

A s s u m i n g  the ang les  ~ and (Pl to be  sma l l ,  we have 

Then 

tgcp = g'  (l) ~ sin cp, 

nl YO 
f =  n[l, y(1)] ~ " 

It is  obvious  tha t  the  l ens  wi l l  focus  t hose  b e a m s  
fo r  which y ' ( / )  -~ 0 when y ( / )  ~ 0. Since the  r e f r a c t i v e  
index of the  gas  v a r i e s  only s l igh t ly ,  even with con-  
s i d e r a b l e  changes  in t e m p e r a t u r e ,  with e x t r e m e l y  
g r e a t  a c c u r a c y  we f ind that  

nl ~ 1, 
n[l, y (t)] 

so  tha t  

y (/) 

Since the  b e a m  t r a j e c t o r y  is  a funct ion of Y0, the 
l ens  wil l  exhibi t  s p h e r i c a l  a b e r r a t i o n .  

NOTATION 

Here  x is the  d i m e n s i o n l e s s  coord ina t e  along the 
l ens  axis ;  y is  the  d i m e n s i o n l e s s  c oo rd ina t e  a long the 
r ad ius ;  To is the  tube wal l  t e m p e r a t u r e  at  x = 0; 0 is  
the r e l a t i v e  t e m p e r a t u r e  change; u is the  gas  ve loc i ty ;  
u0 is the  gas  ve loc i ty  at the tube axes; l is the d i m e n -  
s ion l e s s  l ens  Iength; f is  the  focal  length based  on tube 
r ad ius ;  a is  the  t h e r m a l  d i f fus iv i ty ;  v is  the  k i n e m a t i c  
v i s cos i t y ;  Cp is the  heat  c a p a c i t y  at cons tan t  p r e s s u r e ;  
p is the  r a d i u s  of l ight  b e a m  c u r v a t u r e .  
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